In this paper we give a full classification of all pentapods with mobility 2, where neither all platform anchor points nor all base anchor points are located on a line. Therefore this paper solves the famous Borel-Bricard problem for 2-dimensional motions beside the excluded case of five collinear points with spherical trajectories. But even for this special case we present three new types as a side-result. Based on our study of pentapods, we also give a complete list of all non-architecturally singular hexapods with 2-dimensional self-motions.
Introduction
The geometry of a pentapod (see Fig. 1 ) is given by the five base anchor points M i with coordinates M i := (A i , B i , C i )
T with respect to the fixed system and by the five platform anchor points m i with coordinates m i := (a i , b i , c i )
T with respect to the moving system (for i = 1, . . . , 5). Each pair (M i , m i ) of corresponding anchor points is connected by a SPS-leg, where only the prismatic joint (P) is active and the spherical joints (S) are passive. If the geometry of the manipulator is given, as well as the lengths of the five pairwise distinct legs, the pentapod has generically mobility 1 according to the formula of Grübler. The corresponding motion is called a 1-dimensional self-motion of the pentapod. But, under particular conditions, the manipulator can gain additional mobility. These pentapods represent interesting solutions to the still unsolved problem posed by the French Academy of Science for the Prix Vaillant of the year 1904, which is also known as Borel-Bricard problem (cf. [1, 2, 3] ) and reads as follows: "Determine and study all displacements of a rigid body in which distinct points of the body move on spherical paths." We can focus on pentapods with 2-dimensional self-motions, as those with higher-dimensional ones follow from Theorem 7 of [5] . They all belong to item (c) of Theorem 1 and read as follows (for more details please see [5] Moreover, we can restrict to the case p ≤ 4 in item (c) of Theorem 1, as we only study pentapods where neither all platform anchor points nor all base anchor points are collinear. The reason for excluding p = 5 is that it requires a special treatment, as a 1-dimensional self-motion of the carrier line g of m 1 , . . . , m 5 already implies mobility 2 of the moving space, as in each pose of g a 1-dimensional rotation about it is possible. Therefore the self-motions of pentapods with linear platform are studied separately in [6] .
In the following we list all pentapods 2 with mobility 2, which are known in the literature until now, with respect to the three items of Theorem 1:
Examples ad (a), (b) and (d).
The platform and the base are congruent (= so-called congruent pentapod) and all legs have the same length. This pentapod, which belongs to case (a), can perform a 2-dimensional translational self-motion.
If the platform and base have the additional property to be planar, then we get an example which also belongs to item (b). In the special case, where the anchor points are located on two parallel lines, the pentapod possesses an additional 2-dimensional self-motion, which is neither pure translational nor pure spherical (cf. Example 2 of [5] after the removal of one leg). This example also belongs to item (d) of Theorem 1.
Examples ad (c).
The remaining known examples belong to this class and read as follows (under consideration of footnote 1):
• Architecturally singular 3 pentapods have at least a 2-dimensional self-motion in each pose over C as they are redundant. For the listing of these manipulators see Theorem 3 of [8] under consideration of [9] . As all these cases are known, they are not of further interest. In this context it should also be noted that the designs (ii) and (iii) of Corollary 1 are also architecturally singular ones.
• m 1 = m 2 and M 3 = M 4 : If the platform is placed in a way that m 1 = m 2 coincides with M 3 = M 4 , then there exists a 2-dimensional spherical self-motion (cf. [5] ).
• For p = 2 the condition given in item (c) of Theorem 1 is already sufficient, as there exists a 2-dimensional spherical self-motion if the platform is placed in a way that m 1 or m 2 coincide with M 3 = M 4 = M 5 (cf. [5] ). Note that we get architecturally singular pentapods for p < 2 (cf. item (ii) of Corollary 1).
Results and outline of the article
In this paper we study the three cases given in Theorem 1 in more detail. This complete classification of pentapods with mobility 2 reveals new cases, which can easily be seen by comparing the listed designs with the known results. It should be mentioned that item 2 of Theorem 3 is the generalization of the already mentioned Example 2 of [5] . Note that this example is the only one, which possesses both 2-dimensional self-motions given in Theorem 3.
Remark 1.
As item 2 of Theorem 3 is known now, its existence can also easily be argued from the following property implied by the Schönflies motion group (cf. [10] ): Every leg can be translated in direction of the rotation axis of the Schönflies self-motion without changing this motion. Therefore the five legs only imply two constraints to the 4-dimensional Schönflies motion group. From this point of view this solution is also trivial. ⋄
The proof of Theorem 2 and 3, which is given in Section 3 and 4, respectively, is based on the theory of bonds presented in Section 2. The proof of Theorem 4 is given in Section 5 and consists of two parts: In the first part (cf. Sections 5.1), item (c) of Theorem 1 is studied by pure geometric-kinematic considerations/arguments, where also new results on self-motions of pentapods with linear platform are obtained as a side-result. In the second part (cf. Sections 5.2 and Appendix), item (d) of Theorem 1 is again discussed by means of bond theory.
Based on Theorems 2, 3 and 4 we give a complete list of all non-architecturally singular hexapods (cf. footnote 3) with mobility 2 in Section 6.
Bond Theory
In Section 2.1, we give a short introduction to the theory of bonds for pentapods presented in [11] , which was motivated by the bond theory of overconstrained closed linkages with revolute joints given in [12] (see also [13] ). We start with the direct kinematic problem of pentapods and proceed with the definition of bonds. Based on these basics, we do some preparatory work in Section 2.2 by giving a classification of 2-dimensional self-motions, which is induced by the bond theory in a natural way.
Definition of bonds
Due to the result of Husty [14] , it is advantageous to work with Study parameters (e 0 : e 1 : e 2 : e 3 : f 0 : f 1 : f 2 : f 3 ) for solving the forward kinematics. Note that the first four homogeneous coordinates (e 0 : e 1 : e 2 : e 3 ) are the socalled Euler parameters. Now, all real points of the Study parameter space P 7 (7-dimensional projective space), which are located on the so-called Study quadric Ψ : 3 i=0 e i f i = 0, correspond to an Euclidean displacement, with exception of the 3-dimensional subspace E of Ψ given by e 0 = e 1 = e 2 = e 3 = 0, as its points cannot fulfill the condition N 0 with N = e
Now the solution for the direct kinematics over C of a pentapod can be written as the algebraic variety V of the ideal spanned by Ψ, Λ 1 , . . . , Λ 5 , N = 1. In general V consists of a 1-dimensional set of points.
We consider the algebraic motion of the pentapod, which is defined as the set of points on the Study quadric determined by the constraints; i.e. the common points of the six quadrics Ψ, Λ 1 , . . . , Λ 5 . Now the points of the algebraic motion with N 0 equal the kinematic image of the algebraic variety V. But we can also consider the points of the algebraic motion, which belong to the exceptional cone N = 0. An exact mathematical definition of these so-called bonds can be given as follows (cf. Definition 1 of [11] ): Definition 1. For a pentapod the set B of bonds is defined as: The restriction to non-translational motions is caused by the following approach used for the computation of bonds: In a first step we project the algebraic motion of the pentapod into the Euler parameter space P 3 by the elimination of f 0 , . . . , f 3 . This projection is denoted by π f . In a second step we determine those points of the projected point set π f (V), which are located on the quadric N = 0; i.e.
Note that this set of projected bonds, which is denoted by B f , cannot be empty for an non-translational self-motion.
Clearly, the kernel of this projection π f equals the group of translational motions. As a consequence a component of V, which corresponds to a pure translational motion, is projected to a single point O (with N 0) of the Euler parameter space P 3 by the elimination of f 0 , . . . , f 3 . Therefore the intersection of O and N = 0 equals ∅, which reasons the exclusion of pure translational motions within this approach.
Moreover it is important to note that the set of bonds only depends on the geometry of the pentapod, and not on the leg lengths (cf. Theorem 1 of [11] ).
Remark 2.
A more sophisticated bond theory for pentapods and hexapods is based on a special compactification of SE (3) , where the sphere condition Λ i is only linear in 17 motion-parameters. This approach, which was presented in [15] , has many theoretical advantages compared to the method described above, but it is not suited for direct computations due to the large number of motion-parameters. In contrast the approach of the paper at hand was already successfully used for direct computations in [5, 11, 16, 17] . 
Moreover all 1-dimensional self-motions are circular translations, which can easily be seen by considering a normal projection of the manipulator in direction of the parallel vectors
If all these five vectors are zero-vectors, which corresponds with the case that the platform and the base are congruent, we get the already mentioned 2-dimensional translational self-motion of a pentapod. This finishes already the discussion of pentapods with pure translatoric self-motions.
Classification of 2-dimensional self-motions
We assume that a given pentapod has a 2-dimensional self-motion S. As S corresponds with a 2-dimensional solution of the direct kinematics problem, the corresponding algebraic motion is also 2-dimensional. Due to the fact that this algebraic motion is the kinematic image of a self-motion, it cannot be located within the exceptional cone N = 0. Therefore the bond-set B of this self-motion has to be an algebraic variety of dimension 1; i.e. a bonding curve.
Now we want to classify S with respect to the dimension β of B f . This classification was already used successfully for the determination of all hexapods with (n > 2)-dimensional self-motions (cf. [5] ).
As we have a bonding curve in the Study parameter space P 7 , β can take the values −1, 0, 1, where the case β = 1 is the general one. In order that β = i holds for i = −1, 0, there has to exist a (1 − i)-dimensional translational subself-motion, which is contained in S, in each pose of S. For i = −1 this already implies that S is a 2-dimensional translation; i.e. that platform and base are congruent. As β = −1 is already known, we only have to check the cases β = 1 and β = 0.
Remark 3.
Note that the self-motions given in Theorem 2 and item 1 of Theorem 3 are of type β = −1. We will see within the proof of Theorem 3 that the self-motion of item 2 is of type β = 0 (see also Example 2 of [5] ). All designs of Theorem 4 are of type β = 1 as the 2-dimensional self-motions are spherical. ⋄
Proving Theorem 2
Due to the above given considerations we only have to discuss the cases β = 0 and β = 1.
β = 0
As there exists a 1-dimensional translational sub-self-motion in each pose of the 2-dimensional self-motion, we can apply Theorem 2 of [11] (cf. footnote 4). As a consequence the platform and the base of the pentapod have to be related by a congruence transformation, which can be:
Orientation preserving (⇒ congruent pentapod)
Due to Lemma 1 of [16] (cf. footnote 4) non-planar congruent pentapods cannot have a 1-dimensional translational self-motion. Therefore the case β = 0 cannot exist.
Orientation reversing (⇒ reflection-congruent pentapod)
In this case we can apply Theorem 2 of [17] (cf. footnote 4). Therefore non-planar reflection-congruent pentapods possess a 2-parametric set of orientations with 1-dimensional translational self-motions. In the following we show by means of computation that B f = ∅ holds for these manipulators, which implies the non-existence of 2-dimensional self-motion of type β = 0:
Without loss of generality (w.l.o.g.) we can assume that the first four anchor points span a tetrahedron. Moreover we can choose special coordinate systems in the platform and the base in a way that we get:
with b 3 c 4 0 and j = 4, 5. In addition we can eliminate the factor of similarity by setting a 2 = 1. For this setup, it can easily be seen that the 2-parametric set of platform orientations, which cause 1-dimensional translational subself-motions, is determined by e 3 = 0. We have to distinguish the following cases:
1. e 2 0: Under this assumption we can solve Ψ, ∆ 2,1 for
We plug the obtained solutions into ∆ 3,1 , ∆ 4,1 and ∆ 5,1 . The numerators of the resulting expressions are denoted by G 3 , G 4 and G 5 , respectively, which are homogeneous cubic polynomials in e 0 , e 1 , e 2 . Note that G 3 , G 4 and G 5 do not depend on f 0 and f 1 . These two Study parameters only appear in Λ 1 , but this equation is not of interest for the further computation of bonds.
We eliminate e 0 from G i by calculating the resultant H i of G i and N with respect to e 0 for i = 3, 4. Now H 3 can only vanish without contradiction (w.c.) for either e 1 = e 2 . In both cases H 4 has to be fulfilled identically. The resulting condition can in both cases be solved for a 4 w.l.o.g., but it can easily be seen that none of the obtained solutions is real for b 3 c 4 0, which finishes this case.
2. e 2 = 0: Now we can assume that e 1 0 holds, as otherwise the orientation of the platform is fixed under the 2-dimensional self-motion (⇒ pure translational motion). Under this assumption we can solve Ψ, ∆ 3,1 for f 1 , f 3 w.l.o.g. and plug the obtained solutions into ∆ 2,1 , ∆ 4,1 and ∆ 5,1 . The numerators of the resulting expressions are denoted by G 2 , G 4 and G 5 , respectively. G 2 equals N(R We eliminate e 0 from G 4 by calculating the resultant of G 4 and N with respect to e 0 which yields: This expression cannot vanish w.c. over R for b 3 c 4 0.
β = 1
We attach a sixth leg with anchor points m 6 and M 6 in a way that the platform and the base of the resulting hexapod are still similar. This is a so-called equiform hexapod. If the pentapod has a 2-dimensional self-motions of type β = 1, the equiform hexapod has to have a non-empty set B f , which is defined analogously to the one of pentapods (cf. Definition 1 and Eq. (3)).
Due to [17] (and [16] for the special case of congruence) the following necessary condition for the existence of a projected bond ∈ B f of an equiform (congruent) hexapod is known: The anchor points have to be located on a cylinder of revolution over C.
Therefore the points m 1 , . . . , m 6 of the resulting equiform hexapod have to be located on a cylinder of revolution Φ for any choice of m 6 . The special choice m 6 ∈ [m i , m j ] implies that the line [m i , m j ] has to be contained in Φ. Therefore Φ can only be (cf. [16] or [17] ):
⋆ either a cylinder of revolution over R and [m i , m j ] is one of its rulings, ⋆ or it splits up into a pair of isotropic planes, which are not conjugate complex. In this case Φ carries two real lines.
Therefore the following statement has to hold: The answer is "no", which can be proven as follows: There has to exist a plane ε i j containing [m i , m j ] with the property that the remaining three points are located in the same half-space with respect to ε i j but do not belong to ε i j . The reason for this is that ε i j can be seen as tangent plane to the cylinder along the ruling
Therefore the segment m i m j has to be an edge of the convex hull of the point set m 1 , .., m 5 . As a consequence no 4 points of m 1 , .., m 5 can be coplanar. Therefore the convex hull has to be a convex polyhedron with 5 vertices, 10 edges and 10 faces. As this contradicts Euler's polyhedron formula V − E + F = 2, Theorem 2 is proven.
Proving Theorem 3
Due to the considerations given in Section 2.2 we only have to discuss the cases β = 0 and β = 1.
β = 1
Assume that a planar affine pentapod with a 2-dimensional self-motion of type β = 1 is given. Now we attach a sixth leg in a way that we get a planar affine hexapod, which is not architecturally singular. 5 Therefore the resulting hexapod has to have a non-empty set B f . In Example 5 of [11] it is proven that a planar affine hexapod does not possess a projected bond. Therefore a planar affine pentapod cannot have a 2-dimensional self-motions of type β = 1.
β = 0
This case has to be subdivided with respect to the criterion if the affinity α is a congruence transform or not.
The affinity is no congruence transformation
We assume that a pentapod with a 2-dimensional self-motion S of type β = 0 is given. Therefore it can perform in each configuration C of S a 1-dimensional translational self-motion T . If we disconnect the platform and the base in the pose C and translate the platform in a way that M 1 = m 1 holds, then the following relation has to be fulfilled due to the last paragraph of Section 2.1:
Now the following two cases have to be distinguished:
The parallel projection κ from the base plane to the non-coinciding platform plane equals the affinity α.
1. For all C of S the platform is parallel to the base: Therefore S has to be a Schönflies motion where the direction of the rotational axis is orthogonal to the base plane. In the following we want to compute the affine pentapods with this property:
W.l.o.g. we can assume that M 1 equals in the origin of the fixed system, that M 2 is located on its x-axis and that the remaining base anchor points belong to the xy-plane. The same can be assumed for the platform with respect to the moving system. Moreover we can assume m 1 , m 2 , m 3 as well as M 1 , M 2 , M 3 are not collinear (otherwise we can relabel the anchor points). Therefore the (regular) affinity between the platform and base is determined by the first three pairs of anchor points with coordinates: The second factor is fulfilled identically if and only if the platform and the base are congruent, which is the excluded case. Therefore there exist at most two orientations which cause a translational self-motion T , but for a 2-dimensional self-motion S of type β = 0 we need at least a 1-dimensional set of such orientations. Hence we have no solution in this case.
2. There exists a pose C of S where the platform is not parallel to the base: After performing the translation of the platform that M 1 = m 1 holds there exists a parallel projection κ which maps M i to m i for i = 1, . . . , 5 (see Fig.  2 ). Therefore this mapping equals the affine mapping α between the base and the platform. Therefore no bifurcation into another 1-parametric set of orientations causing translational self-motions is possible. Therefore S has to be a Schönflies motion where the direction of the rotational axis equals d 1 .
With the obtained information the remaining problem can easily be solved by direct computations as follows: W.l.o.g. we can choose the fixed system that M 1 equals its origin and that the x-axis shows in direction d 1 . Moreover, m 1 is the origin of the moving system and its x-axis corresponds with the direction α(d 1 ). Therefore the anchor points have the following coordinates:
for j = 2, . . . , 5. Due to the planarity of the platform we can assume k ∈ R + , where the value 0 has to be excluded 6 as otherwise α is singular. Moreover we know that S is a Schönflies motion with respect to d 1 and therefore the Euler parameters e 2 and e 3 have to be equal to zero.
According to Remark 1 a translation of a leg along d 1 does not influence the Schönflies motion. Therefore we can set A j = 0 for j = 2, . . . , 5 w.l.o.g.. As not all base anchor points are collinear we can also assume that B 2 0 holds. Under this assumption we can solve Ψ, ∆ 2,1 for f 1 , f 3 . Then we plug the obtained solutions into ∆ i,1 with i = 3, 4, 5. The numerators of the resulting expressions are denoted by G i and they are homogeneous quadratic in e 0 , e 1 . Note that G i does not depend on f 0 and f 2 . These two unknowns only remain 7 in Λ 1 .
A projected bond exists if G 3 = 0, G 4 = 0, G 5 = 0 and e As a consequence the ith leg has to coincide with the first or second leg for i = 3, 4, 5. As the collinearity of four anchor points yields a trivial case of an architecturally singular design (cf. item 8 of Theorem 3 given by Karger [8] ), we end up with the manipulator given in item 2 of Theorem 3. This manipulator design is sufficient for the existence of a 2-dimensional self-motion S due to Remark 1.
The affinity is a congruence transformation
In this case we can assume coordinate systems in the platform and the base in a way that the points are located in the xy-plane and that M i = m i holds for i = 1, . . . , 5. As in Section 3.1.2 it can easily be seen that the set of orientations causing translational self-motions is 2-dimensional given by the condition e 3 = 0 in the Euler parameters. Moreover due to the result obtained in item 2 of Section 4.2.1 (cf. footnote 6) we can assume that the ratio e 1 : e 2 is not constant during the 2-dimensional self-motion S as otherwise S has to be a Schönflies motion, which can only result in a special case of the solution given in item 2 of Theorem 3. Now we check the remaining cases by means of computer algebra. To do this in a clear way, it is split up with respect to criterion whether three collinear anchor points exist or not.
Remark 4.
If no three anchor points are collinear then the pentapod is free of so-called butterfly self-motions (cf. [15, 11] ). Therefore the splitting with respect to the existence/non-existence of three collinear anchor points is equivalent with the splitting with respect to the existence/non-existence of butterfly self-motions. ⋄
No three anchor points are collinear:
It is well known (cf. Bricard [2] , Chasles [18] , Duporcq [19] ) that one can add a 1-parametric set of legs to a planar projective pentapod without changing the direct kinematics. The anchor points of these legs are also related by the projectivity and they are located on the conic sections uniquely determined by the given five pairs of anchor points (see Fig. 3a ). As a congruence α is only a special case of a projectivity, we can use this result for the problem under consideration. We denote the conic section in the base by c. Hence the corresponding one in the platform is given by cα. Due to our assumption of the non-collinearity of three points, the conic c has to be regular; i.e. an ellipse, a hyperbola or a parabola.
W.l.o.g. we can choose the coordinate system in the base in a way that the origin coincides with a finite point M 1 ∈ c. Then we can still rotate the coordinate system about this point by any angle δ ∈ [0, 2π). Now we consider the following four lines with respect to the fixed system:
We assume that δ is chosen in a way that none of these four lines equals the tangent in M 1 with respect to c or intersects c in an ideal point. This assumption can be done w.l.o.g. as there can only exist a finite number of such "bad" choices for δ. Therefore we get the following coordinatization: 2. Three anchor points are collinear: Due to this collinearity the conic section c splits up into two lines (see Fig.  3b ). Moreover we can assume that no four anchor points are collinear, as otherwise we get an architecturally singular pentapod.
W.l.o.g. we can assume that M 1 , M 2 , M 3 are located on the x-axis. Due to the result of Bricard [2] , Chasles [18] and Duporcq [19] , we can even fix their coordinates as follows:
is not parallel to the x-axis: In this case we can assume w.l.o.g. that their point of intersection is the origin (= M 1 ). Now the remaining two base anchor points can be coordinatized as: 
Therefore H 5 has to be fulfilled identically, as otherwise the ratio e 1 : e 2 is constant. This implies R In order that a 2-dimensional self-motion of type β = 0 exists, the two remaining equations G 2 = 0 and G 4 = 0 have to have a common factor. Therefore we compute the resultant of these two expressions with respect to e 0 , which yields 16L 2 with
The necessary condition R 
Moreover we can eliminate the factor of scaling by setting B 4 = 1. The coordinates of the corresponding platform anchor points are determined by
We can solve Ψ, ∆ 2,3 w.l.o.g. for f 2 and f 3 . Then we plug the obtained solutions into ∆ 2,1 and ∆ 4,5 . The numerators of the resulting expressions are denoted by G 2 and G 4 , respectively, and they do not depend on f 0 and f 1 . G 2 and G 4 are homogeneous quadratic polynomials in e 0 , e 1 , e 2 .
In order that a 2-dimensional self-motion of type β = 0 exists, the two equations G 2 = 0 and G 4 = 0 have to have a common factor. Therefore we compute the resultant of these two expressions with respect to e 0 , which yields:
Proving Theorem 4
As already mentioned in the last paragraph of Section 1 the proof of this theorem splits up into two parts, which are discussed in the following subsections:
Study of item (c) of Theorem 1
We only have to discuss the cases p = 2, 3, 4, as p < 2 yields architecturally singular designs and p = 5 the excluded case of a linear platform. But within the following study we allow the collinearity of the five base anchor points, as in this way we get the following three additional cases as a side-result: Until now these three special cases were not reported in the literature to the best knowledge of the authors. Hence, their existence necessitates a contemporary and accurate re-examination of the old results on this topic (cf. page 222 of Darboux [20] , pages 180ff. of Mannheim [21] , Duporcq [22] ; see also Chapter III of Bricard [2] ), which also takes the coincidence of anchor points into account. This is done by the authors in [6] . For the proof of Theorem 4 (including the three additional cases (α, β, γ)) we need the following result on 3-legged spherical 3-dof RPR manipulators proven in Lemma 2 of [10] and Theorems 5 and 6 of [11] : For the discussion of the case p = 3, 4 we can assume that no three base anchor points coincide, as otherwise we can only get a special case of p = 2.
p = 3
For an intuitive argumentation of this case, we interchange platform and base; i.e. we have • m 1 , m 2 , m 3 are pairwise distinct: Therefore the first three legs of the pentapod span a regulus R of lines. It is well known (e.g. [23] ) that each line of R can be replaced by any other line of R without changing the singularity-set of the pentapod. E.g. we can replace the first leg by the line of R through m 4 = m 5 (see Fig. 5a ). Its base anchor point M cannot be located on the axis [M 4 , M 5 ], as otherwise the originally given pentapod is an architecturally singular one (special case of item 10 of Theorem 3 given in [8] ; see also item 9 of Corollary 1 given in [6] ). Therefore this already shows that m 4 = m 5 is fixed, which contradicts our assumption that the point moves along s. [8] ). Now we can perform the following singular-invariant leg-rearrangement according to [23] : We can replace the leg m 1 M 1 by the leg m 4 M 1 (see Fig. 5c ). This already shows that m 4 = m 5 is fixed; a contradiction. implies M 1 = M 2 = M 3 and therefore the first three legs are in a pencil of lines (see Fig. 5d ). This is an architecturally singular case (item 6 of Theorem 3 given in [8] ).
p = 4
For the discussion of the case m 1 , . . . , m 4 collinear we can assume that M 5 does not coincide with another base anchor point, as otherwise we can only get a special case of p = 3. If we remove the fifth leg, then we get a quadropod, which can have a 2-dimensional self-motion or a higher one: 1. 2-dimensional self-motion: Now this motion consists of a 1-dimensional rotation of the platform about the carrier line g of m 1 , . . . , m 4 and a 1-dimensional motion of g itself. As we can assume that m 5 is not located on g, the point M 5 has to be located on g in each pose of the self-motion. Moreover as the leg lengths is fixed M 5 has to coincide with the same point G ∈ g.
Now it remains to guarantee the 1-dimensional motion of g, which can only be a spherical one due to M 5 = G (center of the spherical motion). 2. higher-dimensional self-motion: The quadropod can only have an n-dimensional self-motion with n > 2 in one of the following cases (according to [5] ) if it is not architecturally singular: 
Study of item (d) of Theorem 1
Due to the discussion done in Section 5.2, we can assume the following for the pentapod design given in item Moreover the first, second and third leg span a regulus R (which can degenerate into two pencils of lines). W.l.o.g. we can assume that M 1 , M 2 , M 3 are pairwise distinct, as otherwise we can replace one of the three legs by a line of R Proof: Clearly architecturally singular pentapods yield architecturally singular hexapods by the attachment of an arbitrary leg. Therefore we can focus on non-architecturally singular pentapods with mobility 2. They are given in the Theorems 2, 3 and 4 or belong to the case p = 5 of item (c) of Theorem 1.
As the 2-dimensional translation of the congruent hexapod is trivial we can proceed with item 2 of Theorem 3. We assume that our hexapod possesses the 2-dimensional Schönflies self-motion described in item 2 of Theorem 3. If we take any of the six legs away we have to end up with the pentapod of item 2 of Theorem 3 up to permutation of indices. As a consequence the six anchor points have to be located on two parallel lines, where each line carrier three anchor points. Therefore the anchor points are located on a degenerated conic, which already shows that the hexapod is architecturally singular.
In the following we investigate the cases listed in Theorem 4. We start with item 1; i.e. The discussion for the items 2(a), 2(b) and 3 of Theorem 4 can be done analogously. They already imply all the remaining cases given in Theorem 5.
Therefore we are left with the pentapods belonging to the case p = 5 of item (c) of Theorem 1. Due to Corollary 1 and the list of architecturally singular pentapods (cf. Theorem 3 of [8] under consideration of [9] ) there does not exist a pentapod of this type with mobility 3 (or higher), which is not architecturally singular. Therefore all nonarchitecturally singular pentapods of this type have mobility 2, where one degree of freedom is the rotation about the carrier line g of m 1 , . . . , m 5 . This mobility is not restricted by the attachment of a sixth leg only in the already obtained five cases 2-6 of Theorem 5. This can easily be seen by performing analogous considerations as in the proof of Theorem 4, case p = 4, item 1.
Remark 5.
Note that the items 1 and 6 of Theorem 5 were already listed in [5] . The remaining four cases are new to the best knowledge of the authors. Moreover this listing also shows that there does not exist a non-architecturally singular hexapod with a 2-dimensional self-motion of type β = 0, which was also an open question of [5] . ⋄ Due to Theorem 5 and the results of [5] only the classification of all non-architecturally singular hexapods with a 1-dimensional self-motion remains for the complete solution of the famous Borel-Bricard problem. Some necessary conditions for these overconstrained mechanisms were already presented in [15] . Further investigations on this topic are dedicated to future research.
